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The roots of the equation
Z2-52+kz-4=0
are a, f and y.

(@ (i) Write down the value of a + /5 + y and the value of afy.
)

(i) Hence find the value of a?fy + of?y + of3y>.
)

(b) The value of a?f? + ?y? + y202 is —4.

()  Explain why a, £ and y cannot all be real.
1)

(i) By considering (aff + fy + ya)?, find the possible values of k.
(4)
(Total 9 marks)
(@) Express —4 +4/31in the form re®, wherer>0and -t <6< 7.
3)

(b) () Solve the equation 28 = —4 + 44/3 1, giving your answers in the form re®,
wherer>0and -t <6<T.

(4)

(i)  The roots of the equation Z8 = —4 +4v/3 i are represented by the points P, Q and R
on an Argand diagram.

Find the area of the triangle PQR, giving your answer in the form kv/3, where Kis an
integer.

3)
c y considering the roots of the equation Z = —4 + 4+/31, show that
) B idering th f th ion 22 = —4 4+ 4+/31, show th

2 i _4:[ 1_8?:_[:'
Cos 9 Cos 0 =

Cos

4)
(Total 14 marks)
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The diagram shows a sketch of a curve.

™

Imitial line

The polar equation of the curve is

—— e —

r = sin 28 \."I (1 + _]]—CL‘.IH H) , D=8 =

| =

The point P is the point of the curve at which 6 = %

The perpendicular from P to the initial line meets the initial line at the point N.

(@ () Find the exact value of r when 6 = %
)

(i)  Show that the polar equation of the line PNis r = ﬂ sec 6.
8
2)

(i)  Find the area of triangle ONP in the form g where K is an integer.
128
2)

(b) () Using the substitution U = sin 6, or otherwise, find Isinn 6 cos 6 dB, where n = 2.
' 2
(i)  Find the area of the shaded region bounded by the line OP and the arc OP of the
curve. Give your answer in the form ar + b -.ﬁ + C, where a, b and ¢ are constants.
(8
(Total 16 marks)

(@ Prove by induction that, for all integers n =1,

3 5 7 2n 4+ 1 1
Y

- 4 4 _._—:'I_—
. 3 el gl 3 aas P gl r .
2¢ 2*x3¥F FFxH n+ 1) (n+1)

(7)
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(b) Find the smallest integer n for which the sum of the series differs from 1 by less than 10-°.

2
(Total 9 marks)

(@) Given that 1 = 1—x* , find %.
x
(2)

(b) Use integration by parts to show that

A2
|2 sin” wdr=aif3T=b

where a and b are rational numbers.

(6)
(Total 8 marks)

(@) Itis given thaty = In(e®* cos X).

(i) Show that% =3 -tan X
N

3)

.. L d%y
(i) Find —.
ded

3)

(b) Hence use Maclaurin’s theorem to show that the first three non-zero terms in the

expansion, in ascending powers of X, of In(e® cos X) are 3X - 1,2 _ | x4,

I-.J|
I

©)

(c) Write down the expansion of In(1 + pPX), where P is a constant, in ascending powers of X up
to and including the term in X2.
1)

lim |1 e’ cos x|
d [ Find the value of p for which —In exists.
p X ]
. » i'. o

. 1 3X - g ]
(i) Hence find the value of ]]mh {—j]n (E e 1) when p takes the value found in part
d)). =0 |x l1+px /]

(4)
(Total 14 marks)

(@ Show that

l(cosh 4X + 2 cosh 2X + 1) = cosh? X cosh 2X
4

3)
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10

(b)

()

(@)

(b)

(@)

(b)

Show that, if Y = cosh? X, then

-

dyh <
1+ (—) = cosh? 2X
dx
3)

The arc of the curve y = cosh? X between the points where X=0 and X =In 2 is rotated

through 27 radians about the X-axis. Show that the area Sof the curved surface formed is
given by

1
S:W (a|n2+b)

20

where a and b are integers.
(7
(Total 13 marks)
Sketch the curve Y = cosh X.
1)

Solve the equation

6 cosh2X—7coshX-5=0

giving your answers in logarithmic form.

(6)
(Total 7 marks)

By using an integrating factor, find the general solution of the differential equation

£+ - =InX
de x y=
()

Hence, given that y — 0 as X — 0, find the value of y when X = 1.

3
(Total 10 marks)

It is given that the general solution of the differential equation

&y dy
- _2=4+Vy=0
dx? dx y

is Y = e(AX + B). Hence find the general solution of the differential equation

&y dy
- 2= +VY=6e
dx? dx y

(Total 5 marks)
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11

12

2]
The plane /7 has equationr . | 15 =11 and the point Q has coordinates (1, 1, —1).
116 |

(@ Show that Qis in /1.

(b) ()  Write down cartesian equations for the line | which passes through Q and is
perpendicular to /1.

(i) Deduce the direction cosines of |.

(c) The points M and N are on |, and each is 50 units from /1.

Find the coordinates of M and N.

(d) Given that the point P (5, 1, —4) is in 1, determine the area of triangle PMN.

The matrix A is given by

[
[
Lad

(@) GiventhatA?=| 3> 6 4 | find the value of p and the value of Q.

(b) Given that A% - 6A? + 11A - 6l =0, prove that
Al = %(AZ - 6A + 111)

r =2 2

(c) GiventhatA'=—-| —1 5 =2 find the value of r and the value of S.

= e
[
L
[
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1)

(2)

(2)

3)

3
(Total 11 marks)

()

(2)

(2)
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13

(d)

(@)

(b)

Hence, or otherwise, find the solution of the system of equations

X - z=k
X+2y+2=5
2X+2y+32=7

giving your answers in terms of k.

3
(Total 9 marks)

Find the values of t for which the system of equations
X+ 2y + 3z=a
2X + 3y — tz=Db
3X+5y+(t+1)z=cC

does not have a unique solution.
®3)

For the integer value of t found in part (a), find the relationship between @, b and ¢ such
that this system of equations is consistent.

®3)
(Total 6 marks)
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Mark schemes

1] @ O a+B+y=5

ofy =4

(i)  afy*+af?y + a?By = afy(o+ f +7)

=5%x4=20
FT their results from (a)(i)

(b) () Ifa,p, yareallreal then o?f? + ?y? + y?0? 2 0

Hence a, f, y cannot all be real
argument must be sound

(i) af+py+ya=k
Eafﬁ=.{' Pl

(af + By + ya)? = 2 02> + 2(afy* + afi®y + a’By)

correct identity for (2 a8 )

= -4 + 2(20)
substituting their result from (a)(ii)

k=+6

must see Kk = ...
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Bl

M1

A1S

El

Bl

M1

ALl

Al cso

[9]
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tan™ iﬁ
4
= = __JT
3
(b) (i) modu
=>0=

(i) Area=3x %XPOxORxsinT

:3xl><2><2><sin—
2 3

:Eﬁ

T
or * E seen

ki3 . .
or s marked as angle to Im axis with
“vector” in second quadrant on Arg diag

—4+4~.Ei=8e~%

lus of each root = 2

use of De Moivre — dividing argument by 3

47 27 87

0’09

Al if 3 “correct” values not all in requested interval

Ax Ax Ex

1 —_
e . 2e? 2e*?

2T

Correct expression for area of triangle PQR

2T

correct values of lengths in formula
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Bl

M1

Al

B1./

M1

A2

M1

Al

Alcso
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(c) Sum of roots (of cubic) =0
must be stated explicitly

Sum of 3 roots including Im terms

in form r(cos 0 + i sin 60)

(—)dr 2T 8T
+ C0S — + 005 — |
Q vy

2; Cos
a Q

isolating real terms; correct and with “2”

4

R 4 N 71 .
e = COoS 5> - isin > seen earlier

El

M1

Al

or cos ? = coa% explicitly stated to earn final A1 mark

2 47 7
cos 27 + cos % + cos 37 = ¢
O 9 LY

AG

(@ () r=sn

(i) x=ON =(3V3)/8
Polar egn of PN is r cos 8 = ON

ENE]

r==_- sect
3

AG Be convinced

(i) Area AONP =0.5xryx I, x sin (7/3)

OE With correct or ft from (a)(i) (i), values for rp and ry.
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M1; Al

M1

Al

M1

[14]
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33 B 273

= l iy 3‘“
2 - 2 128
Be convinced
Al
2
) () [sin"OcosOdf= [ urdu
PI
M1
-+l
_sm™ & (+0)
Al
2
(i)  Area of shaded region bounded by line OP and arc
1 "
OP = 7z E sin?20(2 + = cosG)dH
Use of l[rz dé
2.
M1
Correct limits
Bl
I—{; (1—cos45}d9+i% in2 2
Sz 1 |_ 4sin? 6 cos? 6 cos 6 dO
2sin?220=%1+ cos 460
M1
sin? 26 cos 0 = 4sin? @ cos? O cos 0
Bl
Correct integration of 0.5(1 — cos 460)
Al
T
';1:1 4& 2 "—
=|2 1, (sln2 - sin*f) cos 6dO
3
Writing 2" integrand in a suitable form to be able to use
(b)(i) OE PI
ml
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(@)

3

6 sm4ﬁ_5m5ﬁ_sm5ﬁr

=2 8 3 5 T
3
Last two terms OE
Al
T 23 2
12 160 15
CSsO
Al
8
[16]
Assume true for n = K
Hoodr+l 1 2k+3
Then 2. ———==1- T+ 3 3
o rr+1) (F+1) (EF+17(k+2)
M1AOQ if no LHS
M1A1l
_, 1 () 2k+3 )
T kD) (R+2)7)
attempt to factorise or put over a common denominator
ml
_ 1 (& +2k+1)
=1- (k+1*L (k+2)°
any correct combination starting 1-
Al
- (k+2)
Al
True for N = 1 LHS = RHS = %
Bl
Method of induction set out properly
must score all 6 previous marks for this mark
El
.
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(b)

(@)

(b)

1
—> 10

(n+1)?>>10%or
(n+1)

Condone equals

N+1>316.2
Nn>315.2

n=316

X
1- &

Al for each part of the integration by parts

dx

Isin“ xlx = xsin™ x—I

_[— * dx=+1-2x' used
1-x

. -
ft sign error in —
dx
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Bl

Bl

M1

AlAl

AlF
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(@)

(i) Yy=In(e*cos X)=Ine¥*+Incos X=3X+Incos X

d“'=3+ !

- x (—sinX)
dr Cos X

Chain rule for derivative of In cos X

£=3—tanx
dx

CSO AG

- M
.. E
¥

(i) = = -sec? X; ey - —-2sec X(sec X tan X)

=N

X dx

M1 for d / dX{ [{0Q]2 } = 2f(X)F(X)

=N

d4_:l'

) = —4sec X(sec X tan X) tan X — 2 sec* X
N

ACF
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(b) Maclaurin’'s Thm:

2 3 4
OV (0 X (02 17i(0) + X @
3Oy YO YO 37(0) + 2y 0)

y(0) =In1=0;y(0)=3; y"(0)=-1; y"(0)=0; y™(0)=-2
Mac. Thm with attempt to evaluate at least two
derivatives at X=0

M1
3X _ -1, 0 3 =2 4
In(e3*cosX)=0 + 3X+ —x~ +—x" +—1x
2 3 4
At least 3 of 5 terms correctly obtained.
Ft one miscopy in (a)
AlF
=3X - 113 _LI_
2 12
CSO AG Be convinced
Al
3
) — 1 2.2
(© {ln(l+px)} = px Y
accept (pX)? for p?x?; ignore higher powers;
Bl
1
._ 1 ( ix . —
@ () | = {ln[_e cnsx_}— In(l+ px)} | =
1], 1.4 o [ 01 44 s 1
— 3 —-=x =0 )= | pr—=px  +0(x7) |y
13 ()= pr-5p ( 3'_.|J_-
Law of logs and expansions used;
M1
lim 1, (e cosx )l
For, Lol%2 ‘—l—px |t exist, p=3
p = 3 convincingly found
Al
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1' _ 2
(i) o - [(i%}—%%—ﬂ{x}}

Divide throughout by X2 before taking limit. (m1 can be
awarded before or after the Al above)

ml
Value of limit = -1+ 2~ = 4
2 2
Must be convincingly obtained
Al
4
[14]
(@) Use of cosh 2X = 2cosh? X — 1
or cosh 4X = 2cosh? 2X — 1
M1
RHS = % cosh 2X + % cosh? 2X
Al
= % (1 + 2cosh 2X + cosh 4X)
Al
3

If substituted for both cosh 4X and cosh 2Xin LHS M1 only, until corrected

If RHS is put in terms of e*
M1 for correct substitution
Al for correct expansion
Al for correct result

(b) % = 2cosh Xsinh X = sinh 2x
.
[ dy y2
allow Al for 1 + | el 1 — 4cosh? X + 4cosh* X
\ ;
Incorrect form for cosh? X in terms of cosh 2X M1 only

M1Al
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()

(@)

dx 4
=sinh 2X
(&Y .
1+)—| =1+ sinh?2X = cosh? 2X

!

)
AG

S=2x [ﬂ”” cosh? Xcosh 2Xdx
Jim

allow even if limits missing

|
=2r|_ —(1+ 2cosh 2X + cosh 4X)dX
Jo 4

2n[  2sinh2x -;1'_11]14.1'}
—x+ +
4| 2 4

Integrated correctly

Correct use of limits a =128, b = 495

accept correct answers written down with no working.

Only one Al if 2z not used

Sketch of y = cosh X

approximately correct with minimum point above
the X—-axis, symmetrical about Yy-axis
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(M1)

(A1)

Al

M1Al

ml

Al

AlAl

Bl

[13]
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(b) Attempt to factorise
or complete square or use (correct unsimplified) formula

(3cosh X —5)(2coshx+ 1) =0

cosh X # —

Fodt | =

indicated or stated (not merely neglected)

25 |

|ri+ —-1
X=|nL3 0 J

evidence of use of formula. Must see —1 or equivalent

=+In3

ft incorrect factorisation

Al for +

Alternative:

[ef+e™™)
3. =5

I‘. 2

3e>*-10e*+3=0

(3e*-1)(e*-3)=0
Correct factors

lenlorln3
3

for both

Oxford International AQA Examinations

M1

Al

El

M1

AlF

AlF

(M1)

(ALF)

(A1F)

Page 18 of 25



-1

NB if cosh X &% ysed initially, MO until quartic in e* is factorised

M1 for eX - 3 is a factor A1 if correct

M1 for 3e* - 1 is a factor A1 if correct
AlforX=%xIn3

E1 for showing remaining quadratic has no real roots

(a) IFisexp(|' dx)

and with integration attempted

:ezlnx
Pl
:)(2
dr o,
LHS; PI
1 "|
=YX = | (inx) <

d.la’ﬁa'

Attempt integration by parts in correct direction to
integrate X° InX

i T
= InX- i-‘_dx
3 J 3

RHS

ye=2*_ Inx—';E +A

{y= _Inx +AX‘2}
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M1
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Al

M1

M1
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10

(b) Now,asX—0,X<InX—0

Must be stated explicitly for a value of K> 0

AsX—0,y—-0=A=0
Const of int = 0 must be convincing

2:ilnx— L
yX 3 5

1

WhenX=1,y=-_—-
9
ft on one slip but must have made a realistic attempt
to find A
PI: yp| = kxzex

V'e = 2kxe* + kx2ex
"o = 2kex + 4kxe* + kx2e*

Product rule used in finding both derivatives

2kex + 4kxe* + kxeex - 4kxex - 2kx2e* + kx2eX = 6eX
Subst. into DE

2k = 6; k= 3; yp = 3x%e*
CSO

(GS: y =) eX(AX + B) + 3x%e*
eX(AX + B) + kxze* ftc's k.

Oxford International AQA Examinations

El

Bl

B1F

[10]

M1

ml

ml

Al

B1F
(5]
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11

1 12
(@) T 1#[18]|=12+12-16=11 shown
=11 |16

(b) () egn., oruse, of line incorporating

1 12

pyv. | 1 [anddy |15
-1 16

x—1=y—'l=z+1
12 15 16

(i) 122 +15°+16% = 25

FT
12 15 18
25 250 25
FT
1 12
() Useafr=| 1 [+.4/15 | withi=4+2
-1 16

(25, 31, 31) and (- 23, — 29, — 33)
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M1

Al Al

Page 21 of 25



(d)

Method 1

PQ=5

Area APAGT = %xPQxMN= 240

(Since Q = midpt. MN)

Method 2
20 -2d
PAM =|30 | PN =|-30
35 -29
Attempted
g
PM x PV = (2120 - 20| atternpted
12
[lgm. or A

within an area formula
Area APMN = 250

CAO
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M1 Al

(M1)

(M1)

(A1)
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R QT S —

| T N T e

Lad

g-value

(b) A3-6AZ+ 11A - 6] =0 multiply by A~
(A3 -6A% + 11A - 61)A™" = (0)A™!
Multiplication by A~

A3A~1-B8A2A T + 11AAT-6lA"1=0
A2-6A+ 11l -6A1=0
6A"1 = AZ - A + 11l

AT = %(AZ —6A + 111)

AG
4-2 2

1 3
“1——|-1 5=2

© Al=¢
22 2
r=4

r-value
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S-value
x 1' 4 -2 2|k : 45-10+14 ] 1__4k+4
z |22 2 7 -2k-10+14 | 14-2k
use of A=T v - one row correct
- 2k+2 =11—k 2k
' 6 3
correct solution for one variable
all correct CAO
Alternative:
If solving equations by elimination, M1 Al for correct solution for
one variable, Al all correct
¢ 23
(@ 2 3 -t|=87-Tt-1=0
5 5 i+

Attempt at det. of coefft. mtx. (or equivalent)

Equating to zero and solving a quadratic eqn. in t
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M1

Al

Al
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M1

M1
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X o+ 2y + 3=
by t=1=2x + dy - =z
dx + Ay + Iz

n
U Ry

FT any integer value found

B1./

E.g.®+@—®:>a+bzc

M1 Al

(6]
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