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The diagram shows a sketch of the curve with equation Yy = f(X).

(@)

VA

On the axes below, sketch the curve with equation Yy = |f(X)|

"

/3

-

Y

=Y

0

2
(b) Describe a sequence of two geometrical transformations that maps the graph of y = f(X)
onto the graph of y = f(2X - 1).
4)
(Total 6 marks)
2 The polynomial f(X) is defined by f(X) = 2X® + X - 8X - 7.
(@) Use the Remainder Theorem to find the remainder when f(X) is divided by (2X + 1).
2
(b) The polynomial g(X) is defined by g(X) = f(X) + d, where d is a constant.
(i) Given that (2X + 1) is a factor of g(X), show that g(X) = 2X® + X*> - 8X - 4.
1)
(i)  Given that g(X) can be written as g(X) = (2X + 1)(X? + @), where a s an integer,
express g(X) as a product of three linear factors.
1)
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glx)

(i) Hence, or otherwise, show that — =
Ix? = 3Ix- = x

=p+ 9 where p and q are integers.
X

3
(Total 7 marks)

Tx—1
It is given that f(X) =
g ® (14 3x)(3 =x)

A B

, where A and B are integers.
3—=x 143x

(@ Express f(X) in the form

3)

(b) () Find the first three terms of the binomial expansion of f(X) in the form a + bX + X2,
where @, b and C are rational numbers.

()
(i)  State why the binomial expansion cannot be expected to give a good approximation
to f(X) at X = 0.4.
1)
(Total 11 marks)

A curve is defined by the parametric equations

5 3
X =8t _t, y:?

(@) Show that the cartesian equation of the curve can be written as Xy? + 3y = K, stating the
value of the integer k.

2
) () Find an equation of the tangent to the curve at the point P, where t =

l
4
()

(i)  Verify that the tangent at P intersects the curve when X = i

2
(Total 11 marks)
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(@) Sketch the graph of Y = cos™ X, where Y is in radians. State the coordinates of the end
points of the graph.

¥ = COs5 1 X V ok

wY

0

(@)

(b) Sketch the graph of y =7 — cos™ X, where Y is in radians. State the coordinates of the end
points of the graph.

V=T — Cos I X ¥

=Y

0

2
(Total 4 marks)

(a) Express 3 cos X + 2 sin X in the form R cos(X - &), where R> 0 and 0° < a < 90°, giving
your value of a to the nearest 0.1°.

3)

(i)  Hence find the minimum value of 3 cos X + 2 sin X and the value of X in the interval
0° < X < 360° where the minimum occurs. Give your value of X to the nearest 0.1°.

3)

(b) () Show that cot X — sin 2X = cot X cos 2X for 0° < X < 180°.
3
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(i)  Hence, or otherwise, solve the equation
cotX-sin2X=0

in the interval 0° < X < 180°.
3)
(Total 12 marks)

A scientist is testing models for the growth and decay of colonies of bacteria.

For a particular colony, which is growing, the model is P = Ae ¢ , where P is the number of
bacteria after a time t minutes and A is a constant.

(@) This growing colony consists initially of 500 bacteria. Calculate the number of bacteria,
according to the model, after one hour. Give your answer to the nearest thousand.

()

(b) For a second colony, which is decaying, the model is Q = 500 oooe_ Y , where Q is the
number of bacteria after a time t minutes.

Initially, the growing colony has 500 bacteria and, at the same time, the decaying colony
has 500 000 bacteria.

()  Find the time at which the populations of the two colonies will be equal, giving your
answer to the nearest 0.1 of a minute.

©)

(i)  The population of the growing colony will exceed that of the decaying colony by
45 000 bacteria at time T minutes.

Show that

(Eﬁ""]z— 90e: -1000=0

and hence find the value of T, giving your answer to one decimal place.

4)
(Total 9 marks)

(@) Find ﬁwhen
dx

y=eX*+InX
(2)

b) () Giventhatu= — 5%  showthat ¥ ___ 1
1 4 cosx dv 14 cosx

3)
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10

11

12

sin x ,
(i)  Hence show thatif y =1In (—) then d_l = cosec X.
1 4+ cosx dx

A curve has equation Yy = X3 In X.

(@)

(b)

(@)

(b)

Find d_1
dx

)
(Total 7 marks)

()

(i)  Find an equation of the tangent to the curve Y = X® In X at the point on the curve

where X =€

(i)  This tangent intersects the X-axis at the point A. Find the exact value of the

X-coordinate of the point A.

(i) By writing In X as (In X) x 1, use integration by parts to find I In X dX.
(i) Find [(In X)? dX.

._1_
dx.

Use the substitution U = v/X to find the exact value of [ —
J1 X4 4/x

Solve the differential equation

. T~ . 9
given thaty = 1 when X = } Give your answer in the formy = —.

(@)

dy _
— = y2Xsin 3X
i

T

] X !

Use Simpson’s rule with 7 ordinates (6 strips) to find an estimate for

3
[ 4xdx
Jo
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2
(Total 7 marks)

(4)

(4)

(7
(Total 15 marks)

(Total 9 marks)

(4)
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13

(b) A curve is defined by the equation Y = 4%. The curve intersects the liney =8 — 2Xat a
single point where X = a.

0] Show that « lies between 1.2 and 1.3.
2

(i)  The equation 4% = 8 — 2X can be rearranged into the form X = M .
In4

= In(8 — 2%:) \with x, = 1.2 to find the values

In4
of X, and X3, giving your answers to three decimal places.

Use the iterative formula X, . ;

2
(Total 8 marks)

The points A and B have coordinates (4, -2, 3) and (2, 0, —1) respectively.

4 1
The line | passes through A and has equationtr = | —2| +4| 5|
3 =2

(@ () Find the vector 4B.
2
(i)  Find the acute angle between AB and the line |, giving your answer to the nearest
degree.
(4)
(b) The point C lies on the line | such that the angle ABC is a right angle. Given that ABCD is
a rectangle, find the coordinates of the point D.

(6)
(Total 12 marks)
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Mark schemes

1

(a)
3
0 4
reflection in the X-axis for the negative f(X) and remainder
as given on sketch
correct curvatures, correct cusp at X =4
condone straight lines for X< 0 and X> 4
4 marked on X-axis
(b) Either
1. Stretch
1 and either 2 or 3
2. || X-axis

3. by factor 0.5
1,2and 3

(followed by) translation

Oxford International AQA Examinations
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Al

El

Bl
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or
translation

o

(followed by) 1. Stretch
1 and either 2 or 3

2. || x-axis

3. by factor 0.5
1,2and 3

@ £(—1)=2(=2) +(-1) -8(-1)-7

Evaluate f(—+), not long division.

1
|
w

llr.

|
(0) @) 91‘?] =0 =-3+d=0

[ 1
Oorf,——|+d=0

L2
d=3=9gX)=2X+2X2-8X-7+3

g(X) =23 +2x2 - 8X - 4
All steps seen with conclusion
AG

Allow verification with —++++4—4 = 0 seen,
and conclusion; therefore factor

Oxford International AQA Examinations

(E1)

(B1)

(M1)

(A1)
@
[6]

M1

Al

Bl
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(i) g(X) = 26 + 22 - 8X - 4 = (2X + 1)@ - 4) = (2X + 1)(X + 2)(X - 2)
a=-4

(i) 2 =-3x2 -2X=X(2X+ 1)(X - 2)
Clear attempt to factorise denominator; 3 factors needed.

(2x+1)(x+2)(x-2) x=+2

x(2x+1)[x-2) T ox

At least one correct factor cancelled

glx) 2
%:14__
2x —3x -2x x

CSO part (a)(iii) NMS is 0/ 3

Alternative:

g(x) 4x* —6x—4
3 7] =1+ 3 3
2xr —3x"—2x 2x —3x"-2x
- quadratic

2 —3x —2x

2(2x* —3x-2)

3 5
2’ —3x"-2x

@ 7X-1=A1+3X)+B@B-X

Oxford International AQA Examinations
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ml

Al

(M1)

(A1)

(A1)
©)

M1

[7]
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Use two values of X to find A and B.
Orsolve A+3B=-1 3A-B=7
Or cover up rule

ml
A=2 B=-1
Al
3
. 1 1
b i ——=1+3X)7"=1+(-1)3X+ = (-1)(-2)(3%)?
(b) () T332 ( ) (=1) j( )(=2)(3X)
Condone missing brackets
M1
=1-3X+ 9x?
Al
4yl
L o (3-x) =l[1—i
=X . 3 F
Bl
J-' T \l_l [ ] .
1-= ] =1+(-1)| -= [+ &’
o3) + }L 3)
Condone missing brackets
M1
=144+
9
Al
B ol SR P SO THE S |-1x(1-3x+9x")
3+8x—3x 3L 3 9)
Attempt to use PFs to combine expansions, or expand
(7X=1)(3=-X7"(1 +3X)’
and simplify to a + bx + cx?
M1
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(@)

(b)

(i) 0.4 is outside the range of validity, because 0.4 > %

OE Accept 0.4 > %

43y = [8?‘: - r}| ;‘ + 3| §|

Substitute and expand

9 9
=72——+—=72
r t
k=72
Alternative
"2‘: 3
LV V
Eliminate t
Xy? +3y =72
k=72
dy 3
O Zo1e-1 Lo_2
dr I
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M1

Al

(M1)

(A1)

B1B1

@

[11]
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1 G
=7 =1
4 16x=—1
4
o (dy_ 3 ) .
Use chain rule | —— =3 | and calculate gradient
Lde 1687 -t )
using t = 1
4
M1
=-16
Al
1 8 1 3
f=— X=——— V=—
4 16 4 - %
Calculate Xand y using t = 1
4
M1
1
X=— y=12
4
Both correct
Al
tangent y=-16X+ 16
ACF CSO
y-12= —16|.. -1 | ISW
\ 4)
Al
Alternative
dv
2xyv—+7vy
PR
Product rule attempted; two terms added, one with dy
dx
(M1A1)
dv
32 o
d‘x
(B1)
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1 8 1 3
f=— X=——— = —
1
1

4 "1 a4 7

Calculate X and Y using t = 1
4

(M1)
1
X=— y=12
4
Both correct.
(A1)
(dy -y | dy
—=— —=-16
Lde 2xy+3 ) dx
Calculate gradient from candidate’s expression.
ml
tangenty = -16X + 16
ACF CSO
i 1 .'I
y-12=-16{ x=—| ISW
\ 4)
(A1)
Alternative
x= 12 ‘PJ
7
Correct expression for X from candidate’s implicit equation.
Quotient rule attempted; y* and two terms subtracted.
(M1)
dr  y*(-3)-(72-3y)=2y
dy yt
(A1)
( E _3y-144)
\ dy }'3
Numerator; first term; second term
(A1)
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3
t=1 y=2=12
4 T
(B1)
E= _i d_.ll- =-16
dy 16 dx
Uset= % to calculate y
ml
x=1 x=8_1_1
4 16 4 4
Evaluate and invert.
(B1)
y=-16X+ 16
(A1)
) dx
Alternative for —
dy
Uset= % to calculate X
72 3
X=—-=
y ¥
ACF CSO
(M1)
dx 144 3
o= __I+ 5
dy ¥ A
(A1)
(dx _3p-144)
| d_:l-' .,]'.3 ,:

Correct expression for X from candidate’s implicit equation and
attempt derivatives

(A1)
N 3
(i) y=-16x=-+16=-8
2
Substitute X = i into candidate’s tangent; calculate Yy
2
M1
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(@)

(b)

i(—B)2 +3x(-8)=96-24=72
2

y = -8 used to verify 72

L 4

Correct sketch of cos™ X.

(-1, m)and (1, 0)
Stated

¥

Correct sketch of 7 — cos™ X
Must touch negative X-axis.

(-1,0)and (1, @)
Stated
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Bl

Bl

[4]
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(@ () R=v13
Accept 3.6 or better

Bl
2
tan o = —
3
OE
M1
o =33.7°
Al
3
(i) minimum value = 13
Accept - 3.6 or better; ft R
B1ft
when X-a =cos™(-1)
NMSO0/2
M1
X=213.7°
Calculus used 0/ 2
Al
3
0 () LHS= 2% Dsinxcosx
S x
Express cot X — sin 2X in terms of sin X and cos X; ACF
M1
= 22X (1-2sin’x)
Sinx - ‘
cOs XY
Factor out —— and 1 — 2sin? X
S X
ml
= cot X cos 2X
All correct
Al
3
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Alternatives:
RHS = cot X cos 2X

oL XY
=~ _(1-2sin?X)
SN X
Express cot X cos 2X in terms of cos X and sin X,
cos 2X ACF

cos X .
= —=— 2sin Xcos X
S X

cos 2X = 1 = 2sin? X and multiply out and simplify.

= cot X — sin 2X
All correct.

cot X(1 — cos2X)— sin2X =0

COS X

—(1=(1 = 2sin? X))—-2sin Xcos X =0
51X

Rearrange to expression = 0 and factor out cot X;

Express cot X, cos 2X and sin 2X in terms of sin X and
cos X, ACF

COs X

—(2sin? X) — 2sin Xcos X=0
511X

cos 2X = 1 - 2sin? X used

2sin Xcos X — 2sin Xcos X=0
Simplified, with all correct

Oxford International AQA Examinations

(M1)

(m1)

(A1)
)

(M1)

(m1)

(A1)
®
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(@)

(ii)

cotX—-sin2X=0
cot Xcos2X=0

cotX=0 or cos2Xx=0
Both equations correct

2X=90° (270°)
Condone missing 270°

X=90°, 45°, 135°
All correct

Alternatives:

cos X
cotX—-sin2X= —-__ —-2sinXcosX=0
ST
0
cosx] ———2sinx [=0
sinx }

cosX=0 or 1-2sin>?X=0
Both equations

1
sinxz(J_r)F

X=90°, 45°, 135°

1

—of
P = 500e?®

Must use t = 60
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M1

ml

Al

(M1)

(m1)

(A1)
©)
[12]

M1
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=904 000
Nearest thousand required 904000 only

®) ) [ 3| _ 500000
500

t = 8 Iny/1000

OE Take logs correctly leading to expression for t.

t = 27.6 (minutes)
Accept 27.631

Alternative

¥ Lo L5
e =1000e T = e+ = 200000
500

t=41n1000
Take logs correctly leading to expression for t.

t = 27.6 (minutes)

Alternative

N T
=1n1000 + In| ¢ * |

L SR
e® =1000e ¢ :In|e

Take logs correctly.

t=41n1000
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M1

M1

Al

(M1)

(M1)

(A1)

(M1)

(M1)
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t = 27.6 (minutes)

(A1)
27.6 as final answer NMS 3/3
27.6 following wrong working AO (FIW) but could still score M mark(s)
(©)
. 1r ir
(i) 500e®* -500000e®* =45000
Set up equation; condone one error; allow in t.
Condone inequality.
M1
e (Y I
x——=>| &¥ | —1000 = 90e?
00 L )
'e¥ | ~90e" - 1000 =0
. .
8
Multiply by % and rearrange to AG, be convinced.
5
Al
1r 1
e® =100 (e®* =-10 rejected)
Solve quadratic equation (retaining positive root).
M1
t = 36.8 (minutes)
CAO
Al

11-
M1 for solve quadratic equation. Let X = % solve guadratic equation
X? = 90X — 1000 = 0 by inspection, X = 100 seen;
factors (X — 100)(X + 10) with 100 and 10 seen;

complete square X =45+ +/3025  all correct.

90 ++/90° + 4000

formula > all correct.

Final answer must have t = 36.8 for Al

[9]
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i N Ny .
(a) L4 = |3e + 1
Ve ) X

B1 for one term correct

Bl
B1 all correct
Bl
2
o _ (du \*cosx(l+cosx)+sinx(sinx)
| - = 5
b0 g J (1+cosx)
clear attempt at quotient / product rule
condone poor use of brackets
M1
cosx(1+cosx)—sinx(—sinx)
(1+cosx }1
any correct form seen
Al
_COsX+cos X+sin’x  cosx+l 1
B {'l+|:|:rns.'{':|1 - (1+cosx)’ " l+cosx
AG be convinced
correct use of brackets and correct notation used
throughout (eg AO if cos X? etc seen)
Alcso
3
(i) £=J1+_m5x:-c 1 OE
\ dx sinxy  l+cosx
correct use of chain rule
M1
1
" sinx
= cosec X
AG, must see = L and no errors seen;
sSimnx
condone incorrect use of brackets only if penalised in part (b)(i)
Al
2

[7]
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(dy ) 1
(a) |.\E = _.| X3 x - +3X2In X
pX3><l+ 0% In X
X

where p and q are integers

M1
p=1,Qq=3
Al
2
; (dv _) 2 2 2
) () = =_.| e2+3e?lne (=4e?d
. . . dy
Substituting e for X in their —‘}, but must have scored M1
: dx
in (a)
M1
y=e®lne (=¢€°
Bl
y-e3=4e?(X-e)
OE but must have evaluated In e (twice) for this mark
(must be in exact form, but condone numerical evaluation
after correct equation)
Al
3
(i) -e®=4e?(X-e) or 4e?X=3e* OE
Correctly substituting Y = 0 into a correct tangent
equation in (b)(i)
M1
x=2e
4
CSO;
ignore subsequent decimal evaluation
Al
2

[7]
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10

(@)

()

dinx

& [dX attempted
All correct

([tnxdr=) xlu;-:—j.rxi[dx]

Correct substitution of their terms into parts

=XInX-X+C
All correct (constant needed)

U = (In X)2 e
iy &

du 1
—=(2lnx)— =
™ ( H V=X

dnx)” 5 [dx attempted
dx .

All correct

([ (tnx)dx =) x{lule—‘[xX%th (dx)

o 4

OE correct substitution of their terms into parts
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=X(InX)?-2(XInx-X)+ C OE
All correct (constant needed) including correct use of
brackets. Do not penalise missing constant if already penalised

in part (i)
ISW
Al
4
b E—_l or 11-_%
®) & 2.Jx 2
(dX =2udu)
u=4/x
B1
dr=| —2u
{'L x+\E {'L o +u (du)
All in terms of U including attempt at replacing dX
(not simply writing du), condone missing limits and du
M1
Integrand correct unsimplified
Al
@
=2 | — (du
{'.[: u+1 (@)
Al
=2 In(u+ 1)
FT their [ (du)
“u+1
AlF
=2In2+1)-2In(1+1) or 2In(v/4 + 1) - 2In(1+1)
correct use of correct limits on K In(u + 1) or KIn(+/x + 1)
AlF
:2Ini or InEorZIn3—2In2
2 4
OE ISW
Al
.

[15]
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11

[g = [X sin3x dx
. Correct separation and notation;
condone missing integral signs

h

jX sin3X dXx = X{ —% Cos 3.1'!'

av )
H=x —=235in3x
ax

Use parts E =1 v =Ikcos3x with correct substitution into

formula &*

- [_lcos?;
3

= -%XCOS?:X dx + % sin3X

CAO

1 —l.rn:osiﬁx +lsmf‘px +C
¥ 3 9

1 = (=Y 1. (@)
—1=- EXECDF’L?J_EH’IL? | +C

Useng y=1 tofindC

CAO

-1 _é (3Xc0s3X dX - sin3X + 10)
|.‘I

9
Andinvertto -y =-——
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M1

Al

ml
Page 26 of 30



12

_ Q
3xcos3x—sinIx+10

CSO, condone first B1 not given
Al

Second M1 finding C; substitute X =

n
— y = linto f(y) = pX cos3X + Qsin3X + C and evaluate
using radians. 6

Must calculate a value of C.

FEo1 1
m1 for reaching form i? = E(PXcos3X Qsin3x + R) where P and Q are +3 or i; or =1 and

y 9
inverting to = - (Pxcos3x+Qsin3x +R)

(9]

(a)
X v
0 1
3 2
1 4
11 8
2 16
23 32
3 64
all 7X values correct (and no extra)
(Pl by 7 correct Y values)
Bl
5 or more correct Y values, exact r434’...1’ or evaluated
(in table or in formula) ' /
Bl
a=l.1
=3 5[65+4x42+2x20]
correct substitution of their 7 y-values into Simpson’s rule
M1
= Tl or 45.5 or 213
< &
CAO
Al
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13

fX)=4*+2X-8 or g(X)=8-2X-4¥
f(1.2) =-0.3 or g(1.2)=0.3 7
f(1.3)=0.7 or g(1.3)=-0.7 _f’

attempt at evaluating f(1.2) and f(1.3)

AWRT £ 0.3 and = 0.7
condone f(1.2) <0, f(1.3) > 0 if f is defined

alternative method
412=53 8-2x12= 5.61
413=61,8-2%x1.3=5 . M1

change of sign

~12<a<13

(f(X) must be defined and all working correct)
at 1.2 LHS < RHS
at 1.3 LHS > RHS

~1l2<a<13 Al

(X, =) 1.243

(X, =) 1.232

these values only

21 [ 471 [-2
AB=| 0|-|-2|=| 2
-1) | 3] |4

+ [_@— m] implied by two correct components

Allow as (-2, 2, —4)
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M1
Al

2
B1
B1

2

(8]

M1
Al

2

Page 28 of 30



M1
ft on 4B

Alft

V24430

Correct formula for cos@ with consistent vectors and correct moduli,
in form ya’ +b" +¢
M1

6 =53°
CSO Accept 53.4°, 53.40°

Al
=21 ([ 4+p] [ 2])

(b) ABBC-| 2|s||2+5p | o
-4 \L 3-22) 1))

SC B1 90° following Sp=0
Set up scalar product. u = p at C. Any letter for p.

M1

Clear attempt to find BC in terms of p.
BC or CB correct

B1
~4-2p-4+10p-16+8p=0

ml
16p = 24 pzé

Expand scalar product and solve for p;
(= 0 possibly implied)

Al
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|_||:_,;

EIRE 4)

Correct vector expression to find 0D written in components

ml
Dis at | 1—}_1.4
L2 2 )
CAOQO; condone column vector
6
Al
Alternative for last 2 marks
[ 4] 17 2
@=ﬁ_a=-_z-_§ 51| -2
| 3] “[-2] | 4
(M1)
Dis at | 1—} 7 4
2 2
(AL)

NB p= can come from wrong working where candidate uses OC in place of BC.

This is MO and scores no further marks, (unless they happen to find and go on to use it
correctly).
(6)
[12]
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